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Abstract—This paper investigates the problem of dynamic sur-
vivable lightpath provisioning in optical mesh networks employing
wavelength-division multiplexing (WDM). In particular, we focus
on shared-path protection because it is resource efficient due to the
fact that backup paths can share wavelength links when their cor-
responding working paths are mutually diverse. Our main contri-
butions are as follows. 1) First, we prove that the problem of finding
an eligible pair of working and backup paths for a new lightpath
request requiring shared-path protection under the current net-
work state is NP-complete. 2) Then, we develop a heuristic, called
CAFES, to compute a feasible solution with high probability. 3) Fi-
nally, we design another heuristic, called OPT, to optimize resource
consumption for a given solution. The merits of our approaches
are that they capture the essence of shared-path protection and ap-
proach to optimal solutions without enumerating paths. We eval-
uate the effectiveness of our heuristics and the results are found to
be promising.

Index Terms—Fault management, lightpath, optical network,
provisioning, shared-path protection, wavelength-division multi-
plexing (WDM).

I. INTRODUCTION

I N a wavelength-routed optical network, the failure of a net-
work element (e.g., fiber, crossconnect, etc.) can cause the

failure of several lightpaths, thereby leading to large data and
revenue loss. Protection [19], a proactive procedure in which
spare capacity is reserved during lightpath setup, can be em-
ployed to combat such failures. Protection schemes can be clas-
sified by the type of routing used (link-based versus path-based)
and by the type of resource sharing (dedicated versus shared)
[5], [14]. A path that carries traffic during normal operation is
known as a working path.1 When a working path fails, the light-
path is rerouted over a backup path.

We consider the problem of dynamic survivable lightpath
provisioning against single-fiber failures.2 Specifically, we
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1Working path is also referred to as primary path, active path, and service
path in the literature.

2We focus on single-fiber failures because they are the predominant form of
failures in communication networks.

focus on shared-path protection because of its desirable re-
source efficiency resulting from backup sharing. Protection
approaches to optimizing resource utilization for a given traffic
matrix [4], [15], [19], [23] do not apply because lightpath
requests come and go in the dynamic provisioning case. Under
such a scenario, a network management system needs to
compute two link-disjoint paths—a dedicated working path and
a shared backup path—for an incoming lightpath request based
on the current network state. We concentrate on computing
link-disjoint paths for each incoming lightpath request with
the assumptions that existing lightpaths cannot be disturbed
and no knowledge of future arrivals is available at the time
of provisioning this lightpath request. While we consider full
wavelength-convertible networks here, the extension to the
wavelength-continuous case is straightforward.

Much work has been conducted on dynamic survivable light-
path protection in an optical WDM network and on dynamic
routing of restorable bandwidth-guaranteed connections in
a multiprotocol label switching (MPLS) network. Although
some papers are devoted to the MPLS context, their basic
ideas—with appropriate variations, e.g., quantized bandwidth
granularities—are applicable to the shared-path protection
problem in a WDM mesh network with full wavelength conver-
sion at each node. Table I provides an overview of some related
work, more elaboration on which follows. In what follows, the
term “lightpath” will be used in WDM context while the term
“connection” will be used in MPLS context.

The most desirable property of shared-path protection is
its resource efficiency resulting from backup sharing. Conse-
quently, how to increase backup sharing based on different
cost models is of particular interest and has been reported in
[2], [7], [10], [12], [13], [20], and [21]. Since backup sharing
depends on the routes of working paths, most of existing work
computes a backup path after the working path is determined.
A natural questions is: Can we jointly compute a working path
and a backup path for a lightpath request in polynomial time
in a way similar to Suurballe’s algorithm?3 We show that the
answer is no by proving that the problem of finding an eligible
pair of working and backup paths under shared-path-protection
constraints for a lightpath request with respect to existing
lightpaths is NP-complete. Then, we develop a heuristic, called
CAFES, to compute a feasible solution (i.e., two link-disjoint
paths) with high probability. A drawback of computing a
backup path after fixing the working path is that the working
and backup paths combined may use more resources than

3Suurballe’s algorithm [22] jointly computes two link-disjoint paths of min-
imal total cost without consideration of backup sharing.
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TABLE I
COMPARISON OF RELATED WORK ON DYNAMIC SHARED-PATH-PROTECTED LIGHTPATH/CONNECTION PROVISIONING ON WDM/MPLS MESH NETWORKS

necessary. Therefore, we provide a new heuristic, called OPT,
to iteratively optimize the resource consumption for a given
solution. While our focus is on dynamic lightpath provisioning,
the two heuristics can be readily applied to static lightpath
provisioning in which the traffic matrix is known a priori.
For example, we can apply CAFES to find a feasible solution
for every lightpath request in the traffic matrix in the first
phase; and in the second phase, we can apply OPT to every
solution found in the first phase to optimize the overall resource
consumption.

While it is desirable to have complete information about the
routing and wavelength assignment of the existing lightpaths to
decide backup sharing, complete information may not always
be available due to control and management concerns. Three
scenarios—complete, partial, and no information—have been
introduced in [10] and further examined in [11], [17] to quan-
tify the impact of the amount of available information on backup
sharing. The amount of information in the complete-information
scenario can be reduced without sacrificing backup sharing by
aggregating backup-sharing information via various techniques
as shown in [7], [13], [16], [20], [21]. Our study utilizes aggre-
gated information, which will be discussed in Section II-A.

One possible limitation of shared-path protection is that
backup paths may sometimes become longer due to backup
sharing [18]. The relation between backup sharing and
backup-path hop distance have been show to be that one trades
off another in [2], [25]. Our study prevents backup paths
from being unnecessarily detoured while encouraging backup
sharing in a way related to the approach in [25].

While the dynamic shared-path-protection problem can be
formulated as an integer linear program (ILP) [17], [21], [25],
ILPs are not scalable based on current computational power
and may not be suitable for online computation. As reported in

[25], the average processing time per connection request is 0.5
s for a 15-node network with 200 requests (on a PC with a 1.5
GHz CPU); the average processing time per connection request
quickly increases to 8.5 s for a 46-node network with 200 re-
quests. Therefore, we resort to efficient heuristics in our current
study.

The rest of the paper is organized as follows. Section II
formally states the problem and analyzes its complexity.
Section III presents the CAFES heuristic for finding a feasible
solution. Section IV presents another heuristic, OPT, for opti-
mizing a given solution. Section V evaluates the performance of
our heuristics via simulations. Section VI concludes this paper.

II. PROBLEM STATEMENT AND COMPLEXITY ANALYSIS

A. Problem Statement

We first define the notations and then formally state the dy-
namic shared-path-protected lightpath-provisioning problem.
A network is represented as a weighted, directed graph

, where is the set of nodes, is the set
of unidirectional fibers (referred to as links), is
the cost function for each link (where denotes the set of
positive real numbers), and specifies the number
of wavelengths on each link (where denotes the set of
positive integers).

We use to denote the number of free wavelengths on
link . We denote the set of existing lightpaths by

, where the quadruple
specifies the working path, the backup path, the arrival time,
and the holding time, in order, for the lightpath. We denote
the current lightpath request by ( , , , ). We represent
the cost of and using and , respectively.
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We associate a conflict set with a link4 to identify the sharing
potential between backup paths. The conflict set for link de-
fines the set of links used by those working paths whose backup
paths utilize wavelengths on link . The conflict set for link

can be represented as an integer set,
, where specifies the number of working paths that tra-

verse link and are protected by link (and their corresponding
backup paths traverse link ). The number of wavelengths re-
served for backup paths on link is thus .

Clearly, the union of the conflict sets for all the links aggregates
the per-lightpath-based information, and the size of the conflict
set depends only on the number of links, not on the number
of lightpaths. In the absence of such a mechanism as conflict
set, per-lightpath-based information is necessary for identifying
shareable backup channels [1]. It is, thus, advantageous to use
conflict set since the number of lightpaths can be significantly
more than the number of links.

The working and backup paths and satisfy the shared-
path-protection constraints with respect to the existing light-
paths as follows:

C.1 and are link disjoint.5

C.2 and , , do not utilize the same wave-
length on any common link they traverse.

C.3 does not share any wavelength with , ,
on any common link they traverse.

C.4 and can share a wavelength on a common link only
if and are link disjoint.

We now formally state the dynamic shared-path-protected
lightpath-provisioning problem as follows: Given a WDM net-
work as and the set of existing lightpaths (or
the associated conflict sets ), route each incoming
lightpath request under shared-path-protection constraints while
minimizing the total cost of the working and backup paths. In
the following subsection, we show that the existence version of
this problem is NP-complete.

B. Complexity Analysis

We formally state the decision version of the dynamic shared-
path-protected lightpath-provisioning (DSPLP) problem below
and prove that it is NP-complete.

Instance: A graph , the set of existing light-
paths (or the set of conflict sets ), and a lightpath
request from to .

Question: Do there exist from to two paths, and , such
that they satisfy the shared-path-protection constraints with re-
spect to the existing lightpaths?

Theorem 1: DSPLP is NP-complete.
Proof: Please refer to Appendix I.

4In the wavelength-continuous case, we would associate a conflict set to a
wavelength. The conflict set defined here is similar to the conflict vector in
[16], the aggregated square matrix in [13], and the “bucket” link metric in [21],
but it is more general in the sense that the conflict set can model wavelength-
continuous networks, wavelength-convertible networks, and networks of sparse
wavelength-conversion capability [9].

5The working and backup paths should be link disjoint to protect against link
failures and they should also be node disjoint to protect against node failures.
For this paper, we shall focus on link disjointedness since link failures (fiber
cuts) are the predominant form of failures in telecom networks, while several
forms of node failures are combatted through 1 + 1 redundancy in the nodal
hardware components.

III. COMPUTE A FEASIBLE SOLUTION (CAFES)

As the existence version of the problem is NP-complete, we
resort to heuristics. In this section, we design a backtracking-
based heuristic, called CAFES, to compute an eligible pair of
working and backup paths for a lightpath request. In Section IV,
we develop a general optimization procedure, called OPT, to it-
eratively optimize the resource consumption of the working and
backup paths for a given solution (i.e., two link-disjoint paths).

A widely used approach for computing a feasible solution
is the so-called two-step approach, which first computes a
least-cost path as the working path and then computes as the
backup path a link (or node) disjoint path of least additional
cost. A limitation of the two-step approach is that it cannot
find a solution in a trap topology [6], which is elaborated
below, even though a solution exists. An improvement is to
compute working/backup path pairs (typically by applying
a -shortest-path algorithm to compute candidate working
paths and computing a backup path for each candidate working
path) and select the pair of minimal cost. As the candidate
working paths of the shortest path pairs may share some
common links, enumerating paths with practical values of

, e.g., 2 or 3, may be susceptible to a trap topology as
well. Meanwhile, a nontrap topology can later become a trap
topology after all the wavelengths on some links are used up.
Furthermore, due to backup sharing, trap situations can arise
even though the topology is not a trap topology. A possible
drawback of enumerating paths is the lack of backtracking,
i.e., the information gathered from enumerating the first
paths is not utilized in enumerating the path. We
analyze the characteristics of two types of trap situations—trap
topology and backup-sharing-caused trap—and propose a
backtracking-based solution.

A. Trap Topology

For the example network in Fig. 1(a), the two-step approach
cannot find two link-disjoint paths from node 0 to node 3 (even
though they exist) because the graph is disconnected after the
removal of the working path (which is ).

Weintroducebacktrackingbasedonnetwork flowtoovercome
the trap situation. Let be the set of nodes reachable from the
source node after removing the links which are not link disjoint
to the working path. Let be the complement of . is re-
ferred to as a cut. We refer to a link as a backhaul link with respect
to cut if its source node is in and its destination node is
in . For example, link in Fig. 1(a) is a backhaul link.

Fromtheviewpointofnetworkflow,theobjectiveofroutecom-
putation is to push two units of link-disjoint flow from node to
node .Whenabackuppathcannotbefound,itimpliesthatnoflow
link-disjoint to the working path can be pushed from set to set

. If theworkingpathdoesnot useanybackhaul link, thenclearly
there is no link-disjoint flow from node to node . However, if
the working path does use backhaul links, then it needs to traverse
multiple linkswhoseupstream nodesare in set and downstream
nodes are in set . For example, in Fig. 1(a), the working path tra-
verses two such links and . The backup path cannot
use those links due to the link-disjoint constraint. As a result, no
link-disjointflowcanbepushedfromset toset andnolink-dis-
joint backup path can be found.
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Fig. 1. Trap situations. Solid gray lines represent links; solid black lines denote working paths; dashed black lines denote backup paths; and the number besides
a link represents the cost of that link. (a) Trap topology. (b) Backup-sharing-caused trap.

In a two-step approach, working paths can traverse backhaul
links because the two-step approach is greedy in the sense that it
always selects a least-cost path as the working path. Meanwhile,
due to the lack of backtracking in computing the backup path,
a two-step approach cannot avoid backhaul links intelligently
and, as a result, some lightpath requests may get blocked.

In our proposed approach CAFES, if a backup path is not
found, it identifies the set of backhaul links, increases the cost
of the backhaul links to some large value such as the sum of the
costs of all the links in the network, and restarts the two-step
process. This way, the working path will avoid, if possible, these
backhaul links, and the backup path will have a chance to reach
nodes in . For example, if we artificially increase the cost of
the backhaul link to 1000 in Fig. 1(a) and recompute the
working path, which turns out to be , we are able to
compute a link-disjoint backup path .

B. Backup-Sharing-Caused Trap

Another form of trap situation is termed backup-sharing-cause
trap,whichisillustratedbyusingthefollowingexample.Consider
thenetworkstate inFig.1(b).Oneexistinglightpathwithworking
path and backup path is shown (other
existing lightpaths are not shown). Suppose, to protect one more
working path traversing link , links and both
need to allocate one more free wavelength (i.e.,

and ) and these two links have no free wavelength.
Assume other links have free wavelengths and the cost of each
link is unity. When a new lightpath request from node 6 to node
2 comes, a two-step approach may compute path as the
working path. As a result, no backup can be found because no
more link-disjoint flow can be pushed from to (please note:

and are not link disjoint; ;

; ; and ).
Again, we use backtracking to overcome this situation. De-

fine a link as a conflicting link with respect to cut
if there exists link ( , ) such that

and . For example, link in Fig. 1(b) is a

conflicting link as and .
If the second minimal-cost path is not found and conflicting

links exist, CAFES increases the cost of the conflicting links
to some large value and restarts the two-step process. For ex-
ample, if we artificially increase the cost of the conflicting link

to 1000 in Fig. 1(b) and recompute the first minimal-cost
(working) path, which turns out to be , we are able to

compute a link-disjoint minimal-cost backup path as
it can share the wavelength-link with the existing backup

.
If there exist chained trap situations, in which some traps do

not appear until some others are processed, we can recursively
apply this procedure. We introduce a parameter to limit the
number of recursions. The parameter can be considered as the
maximum number of trap situations we want to process.

A formal specification of our heuristic, CAFES, is in Algo-
rithm 1. In the algorithm, is a small number, e.g., . The
backup cost function is used to meet the shared-path-protec-
tion constraints C.1–C.4 (the first and last cases in ’s defini-
tion) and to increase backup sharing (the second case). The last
case of ’s definition, , is used
for load balancing: when there are two eligible backup paths of
the same cost, the less loaded path will be chosen as backup.
(Recall that is the cost of link .)

Algorithm 1 CAFES

Input: , , ,
,

Output: Two paths and satisfying
constraints C.1–C.4, or NULL if no such
paths are found.

1) ;
2) compute a minimal-cost path on

from node to node ; return NULL if
is not found or if ;

3) compute a minimal-cost path from
node to node using cost function:

if

if

otherwise

return if is found; return
NULL if is not found and ;

4) compute the set of backhaul links
and the set of conflicting links ,

5) increase the cost of any link in
and to some large value; and

6) , ; go to Step 2.
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The computational complexity of CAFES is .
In particular, the complexities of Steps 1–6 are , ,

, , , and , respectively; Steps 2–6
repeat for at most times.

IV. OPTIMIZATION (OPT)

Given a feasible solution and for a lightpath from node
to node , we develop a heuristic, called OPT, to minimize the

total cost of and , . Similar to Algorithm
L in [5], OPT iteratively refines and . In one iteration, OPT
first recomputes with fixed, and then it recomputes with

fixed. The iteration continues as long as there are improve-
ments. How to recompute with fixed is straightforward.
We show how to recompute with fixed while jointly opti-
mizing the cost of both. The difficulty here is that the cost of the
backup path changes as the working path changes.

The basic idea is to consider the changes in backup cost when
recomputing the working path . To recompute , we use a
standard shortest-path algorithm (such as Dijkstra’s algorithm)
with a modified relaxation step [3] outlined later.

Let be the number of hops has. For any link ,
associate a backup cost vector .
denotes the cost of ’s hop if is used by . is defined
as follows ( denotes the hop of in the definition shown
here)

if
if
otherwise.

The first case indicates that link
needs to allocate a free wavelength to protect a new working
path traversing link . As there is no free wavelength on link ,
link cannot be used by the working path ( is fixed). The
second case implies that link needs to
allocate a free wavelength (and it is available) to protect a new
working path traversing link . The cost of link in this case
is the original cost. The last case implies that link does not
need to allocate any more free wavelength to protect one more
working path traversing link . Thus, link is used for “free”
if link is the working path. (Please see Fig. 2.)

We redefine the link-cost function for computing the working
path as follows:

if
otherwise.

If traverses link or there is no free wavelength on link ,
then the working path cannot utilize link and its cost is infinite;
otherwise, the cost of link is its original cost.

For any node , associate a cost variable and a backup
cost vector . denotes the cost of the
working path from to . indicates the backup cost if
the minimum-cost path from to is used by the working path

. By definition, and .
We then employ a standard shortest-path algorithm to mini-

mize with the following
relaxation step (please refer to Fig. 2):

Fig. 2. Illustration of OPT (dashed line is the fixed backup).

LET ,
IF THEN

,
SET NODE AS NODE ’S PREVIOUS HOP

The idea of the above relaxation step is to “relax” along the
path which leads to the minimum total cost of the working and
the backup paths. To decide whether to use node as node ’s
previous hop along the working path (if node is traversed by
the working path), the relaxation step compares the total cost of
the working ( vs. ) and the backup ( vs.

). Thus, the changes in backup cost when the working
path changes are correctly captured.

A formal specification of OPT is in Algorithm 2. Clearly, if
or hits optimum in one iteration, OPT will stop at the next

iteration and output the joint optimal and .

Algorithm 2 OPT

Input: , , ,
, ,

Output: Optimized and .

1) compute for with fixed;
2) , ;

, ;
3) compute a minimum-cost path as

using a standard shortest-path al-
gorithm with the new relaxation step
shown above;

4) compute a minimum-cost path as with
fixed using cost function in Al-

gorithm 1; and
5) if then

, , go to Step 1; otherwise
return and .

The computational complexity of OPT is . In partic-
ular, the complexities of Steps 1–5 are , , ,

, and , respectively; and the number of iterations
is typically a small constant for practical-sized networks.

OPT differs from Algorithm L in [5] in the way the working
path is computed for a given backup path. Since the cost of a
backup path correlates to its working path, both OPT and Algo-
rithm L in [5] consider the changes in backup cost when com-
puting the working path for a given backup path. However, in
[5], the changes in backup cost were considered to be additive
for each hop along the working path. For example, if the first
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Fig. 3. An example network used in this paper.

hop of a candidate working path incurs backup cost and the
second hop of the candidate working path incurs backup cost,
Algorithm L in [5] considers the changes in backup cost to be

for the two hops along the candidate working path. How-
ever, the changes in backup cost is more meaningful if it is stated
as , which is the case in OPT. The change from a
linear relation, additive, to a nonlinear relation, max, consider-
ably affects how a shortest-path algorithm is modified to com-
pute the working path. In the case of Algorithm L in [5], there
is no need to modify a shortest-path algorithm (only to redefine
link cost). In the case of OPT, a shortest-path algorithm needs
to be modified and a vector of link cost needs to be redefined.
Both OPT and Algorithm L in [5] have complexity , but
OPT has a larger constant factor.

V. ILLUSTRATIVE NUMERICAL RESULTS

We now quantitatively evaluate our heuristic algorithms. We
simulate a dynamic network environment with the assumptions
that the lightpath-arrival process is Poisson and the lightpath-
holding time follows a negative exponential distribution. For the
illustrative results shown here, in every experiment, lightpath
requests are simulated; they are uniformly distributed among
all node pairs; average lightpath-holding time is normalized
to unity; the cost of any link is unity; and our example
network topology with 16 wavelengths per fiber is shown
in Fig. 3.

We compare our heuristics to an effective two-step approach
called Full Information Routing (FIR) [12]. For a lightpath
request, FIR first computes a least-cost path as the working
path and then computes as backup path a least-cost path using
cost function (without the load balancing) based on the
working path. The feasible solution to OPT is the solution
of CAFES (with since we found that the performance
improvement is marginal if we increase to any larger value).6

A. Blocking Probability

Fig. 4 compares the blocking probability of our heuristics to
FIR. We observe that our heuristic has lower blocking proba-
bility. This is because of the backtracking in CAFES and the

6While we use CAFES to generate feasible solutions as input for OPT here,
we can use any shared-path-protected routing heuristic, e.g., FIR. In fact, we
used FIR to generate feasible solutions as input to OPT, and we observed
modest reduction in blocking probability. Thus, OPT is complementary to
existing shared-path-protected routing approaches.

Fig. 4. Blocking probability.

joint optimization in OPT. The reason that the difference be-
tween the two curves decreases as the network offered load in-
creases is as follows. When the network offered load is modest
or low, a lightpath is unlikely to be blocked because of resource
limitation. Blocking happens mainly because a heuristic cannot
find two eligible link-disjoint paths. Since FIR fails in trap situ-
ations while CAFES does not, FIR has a much higher blocking
probability. When the network offered load is high, a lightpath is
more likely to be blocked because there are no available wave-
lengths on some links. While some lightpath requests still get
blocked due to trap situations in FIR, other lightpath requests
(which might be blocked in CAFES) can utilize the resources
these lightpath requests are supposed to use (if they are ac-
cepted). Although CAFES can find a solution for a lightpath re-
quest with much higher probability than FIR, accepting a light-
path with a “detoured” route (as in the case when FIR cannot
find a route while CAFES can) might interfere or even block
future lightpath arrivals. Thus, the difference between the two
curves decreases (but they will not cross each other because of
the joint optimization in OPT).

B. Resource Overbuild

One figure of merit for comparing resource efficiency is re-
source overbuild, defined as the amount of wavelength links
consumed by backup paths over the amount of wavelength links
utilized by working paths [12]. Resource overbuild indicates the
amount of extra resources needed for providing protection as the
percentage of the amount of resources required without protec-
tion. Typically, it is desirable to have lower resource overbuild
because lower resource overbuild implies better backup sharing.
Fig. 5 shows that our heuristics have lower resource overbuild
over FIR. The optimization procedure in OPT contributes to the
reduction in resource overbuild.

C. Average Hop Distance

The advantages of our heuristics come for a slight increase
in the average backup-path hop distance. Fig. 6 shows that
both our heuristics and FIR have similar average working-path
hop distance while our heuristics have slight longer average
backup-path hop distance. The load balancing in CAFES and
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Fig. 5. Resource overbuild.

Fig. 6. Average hop distance.

the joint optimization in OPT (which tends to maximize backup
shareability) lead to the increase in backup hop distance.
Figs. 4, 5, and 6 imply that our heuristics lead to better backup
sharing than FIR does because: 1) the average backup-path
hop distance of our heuristics is longer than that of FIR; 2) our
heuristics still have lower resource overbuild; and 3) and our
heuristics have lower blocking probability.

VI. CONCLUSION

This paper is devoted to dynamic shared-path-protected
lightpath provisioning in optical WDM mesh networks. We
proved that the problem of finding an eligible pair of working
and backup paths under shared-path-protection constraints in a
WDM mesh network for a new lightpath request with respect
to existing lightpaths is NP-complete. We presented a heuristic,
called CAFES, to compute a feasible solution and another
heuristic, called OPT, to optimize the resource consumption
for a given solution. Simulation results demonstrated that our
heuristic algorithms are efficient and effective. While our focus
here is on dynamic lightpath provisioning in WDM context,

the core ideas of how to compute a feasible solution and
how to jointly optimize a given solution can be applied to:
1) restorable bandwidth-guaranteed-connection provisioning
in MPLS networks; and 2) and static shared-path-protected
lightpath provisioning in which the traffic matrix is known
a priori.

APPENDIX I
NP-COMPLETENESS OF DYNAMIC SHARED-PATH-PROTECTED

LIGHTPATH-PROVISIONING (DSPLP) PROBLEM

Basic Idea on Our Proof of Theorem 1: We reduce 3SAT,
which is known to be NP-complete [8], to the Dynamic Shared-
Path-Protected Lightpath-Provisioning (DSPLP) problem. The
3SAT problem is formally stated as follows.

3SAT Instance: Collection of
clauses on a finite set of variables such that for

, where clause is the Boolean “or” of three
literals (a literal is either a variable or the Boolean “not” of a
variable) and is satisfied by a truth assignment if and only if
at least one of the three literals is true. , where is
the number of clauses; , where is the number of
variables.

3SAT Question: Is there a truth assignment for that satisfies
all the clauses in ?

The basic idea of our proof is, for an arbitrary instance of
3SAT, to construct a graph such that there is a path corre-
sponding to the truth assignment of all the clauses and a path
corresponding to the false assignment of all the variables. The
two paths satisfy the shared-path-protection constraints (Con-
straints C.1–C.4) if and only if the given instance of 3SAT is
satisfied. The formal proof follows.

Proof of Theorem 1: since a nondetermin-
istic algorithm can guess two paths and and check in poly-
nomial time if these two paths satisfy Constraints C.1–C.4 with
respect to existing lightpaths in .

Given an arbitrary instance of 3SAT
and , we construct in polynomial

time an instance of DSPLP , , , and where
and for all . In the following con-

struction, we first define the set of nodes , then define the set
of links , and finally define the set of existing lightpaths .

The set of nodes consists of a source node and a desti-
nation node . The other nodes in can be divided into three
groups. The first group is related to the variables in and con-
sists of the nodes , , , , and , where ,

, . The second group of nodes is re-
lated to the clauses in and consists of the nodes and for

. The third group of nodes is the source nodes of the
existing lightpaths and consists of for .

The set of links (unidirectional fibers) can also be divided
into three groups. In the reduction, the first group of links will
be used for assigning values to the variables in ; the second
group of links will be used for evaluating the Boolean value of
the clauses; the third group of links will be used for existing
lightpaths. The three groups of links are as follows.
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Fig. 7. An illustrative construction for a 3SAT instance F = fD ;D g,D = v _ �v _ �v ,D = �v _v _v , andQ = fv ; v ; v g (the part corresponding
to clause D is not shown). A dotted line corresponds to a link whose only wavelength has been used by an existing backup path. A thin solid line corresponds to
a link whose only wavelength has been used by an existing working path. A thick solid line corresponds to a link whose only wavelength is available.

— Group 1:

a) A link from node to node , , and
.

b) A link from node to node , , and
.

c) A link from node to node , ,
and .

d) A link from node to node ,
and .

e) A link from node to node , and a link from

node to node , .
f) A link from node to node , and a link from

node to node , .
—) Group 2:

a) A link from node to , and a link from node
to node , if and only if the variable is in

clause .
b) A link from node to , and a link from node

to node , if and only if is in clause .
c) A link from node to node , .

—) Group 3:

a) A link from to and a link from to .
b) A link from to and a link from to ,

where and .
c) A link from to and a link from to ,

where and .
In addition to these links, we also have a link from node to

node , a link from node to node , a link from node to
node , and a link from node to node . It is easy to see
that the construction can be done in polynomial time.

The set of existing lightpaths is
defined as follows:

1) Lightpath 1: working path , backup path
.

2) Lightpaths 2 to : working path ,
backup path , where and

.
3) Lightpaths to :

working path , backup path , where
and .

An illustrative construction (the construction for the second
clause is similar to the first one and thus it is not shown) for
a 3SAT instance , ,

, and is shown in Fig. 7.
We now show that, if is satisfiable, then from node to

node in graph there exist two paths satisfying the shared-
path-protection constraints C.1–C.4 with respect to the existing
lightpaths . Let , be an
assignment that satisfies , where for .
The two paths can be routed as follows. The backup path is
routed via the nodes and ( and ) if
and only if ; otherwise, is routed via nodes and (
will also need to traverse all the nodes for ). The
working path is routed via , , and other nodes defined as
follows. By the construction, link corresponds to clause

, . Without loss of generality, let
, where , , and are distinct integers between 1 and .

Then, there will be three paths from node to node that go
through the nodes , , and , respectively. Since ,

is an assignment that satisfies , either
, or , or . If , then the working

path traverses nodes and ; if , then the working
path traverses nodes and ; if , then the working path
traverses nodes and ; if more than one condition is true,
then randomly pick one. and so selected are link disjoint
(Condition C.1) because of the following facts:

1) traverses links in Group 1 and Group 2.
2) only traverses links in Group 1.
3) The Group-1 links traverses correspond to the literals

of value 1. We will use the term “1-value link” (“0-value
link”) to denote a link corresponding to a literal of value
1 (0).

4) The Group-1 links traverses correspond to the literals
of value 0.

5) A Group-1 1-value link is disjoint to a Group-1 0-value
link by the construction.

6) A Group-1 link is disjoint to a Group-2 link by the con-
struction.

The Condition C.2 holds because: uses links in Group 1 and
Group 2 while any working path in only utilizes links in Group
3; a link in Group 3 is disjoint to a link in either Group 1 or
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Group 2. The Condition C.3 holds because: any backup path
in utilizes 0-value links in Group 1 and links in Group 3;
uses 1-value links in Group 1 and links in Group 2; a link in
Group 2 is disjoint to a link in either Group 1 or Group 3; a
0-value link in Group 1 is disjoint to a 1-value link in Group
1. The Condition C.4 holds because does not traverse the
same SRLG as any working path in (thus, can share any
wavelength-link with any backup path in ) due to the facts that:

only utilizes links in Group 1 and Group 2; any working path
in only utilizes links in Group 3; a link in Group 3 is disjoint to
a link in either Group 1 or Group 2. Thus, we have shown that, if

is satisfiable, then we can find for the lightpath request from
to two lightpaths satisfying shared-path-protection constraints
with respect to the existing lightpaths.

Suppose from to in the constructed graph there exist
two paths (working path and backup path ) satisfying the
shared-path-protection constraints (Constraints C.1–C.4) with
respect to the existing lightpaths . We show that is satisfiable
using the following facts:

1) Since there are only two links emanating from the source
node , one of them will be used by the working path
while the other will be used by the backup path due to
Constraint C.1 that and are link-disjoint.

2) The working path is routed via the and nodes
(and some Group-1 nodes which will be specified later)
because of Constraint C.2 and the construction that the
only wavelength on link is used by an existing
backup path.

3) The backup path traverses links only in Group 1 and
all the nodes. If the backup path uses any link in
Group 2, then will have to traverse some link
for some , which is used by the working
path. Thus, the two lightpaths will violate Constraint C.1.
Clearly cannot use any link in Group 3. Furthermore,
if, for some value of , the backup path traverses node

, then it must traverse all the nodes and the
nodes, where .

4) We represent the route for the backup path by a -bit
binary number . The backup path is routed
as follows: if bit is 1, then the backup path is routed

over the nodes ; otherwise, it is routed over the nodes
. Note that there is a one-to-one mapping between an
-bit binary number and a backup route in the network.

Let be the -bit number that corresponds to
the backup path. Then, there is a path from node to node

that does not use the links in the backup path, if and
only if clause is true under the following assignment:

, where . The reason is as follows.
Without loss of generality, let , where

, , and are distinct integers between 1 and . Note
that there are three paths from node to node that
traverse the nodes , , and , respectively. The backup

path will traverse the nodes , , and , if and only if
, , and , respectively. Thus, there

exists a path from node to if and only if is 1, or
is 0, or is 1, which is exactly the condition under

which will be true.

Since the working path and the backup path satisfy the
shared-path-protection constraints, is true for all
due to the above facts. Thus, is satisfiable under the following
assignment: , , where is the

-bit number corresponding to the backup path .
This concludes our proof that DSPLP is NP-complete.
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